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Abstract
In this investigation a consistent combination of the complementary data types of satellite
observations and the available terrestrial gravity field measurements in Austria is consid-
ered. For this purpose, the well known Remove-Compute-Restore technique is adapted
to perform long- and short-wavelength signal reductions. The long-wavelength effect is
represented by a global satellite-only model in terms of spherical harmonics. The short-
wavelength are modeled by topographic masses in the spatial domain. As the topographic
reduction contains also long-wavelength effects a possible double consideration has to be
avoided. Alternatively to Least Squares Collocation (LSC) method (Moritz 1980a) a least
squares approach with parametrization as Radial Basis Functions (RBF) is applied. The
RBF approach has the advantage that an increasing number of observations can be included
in the calculations and a downsampling of the available data, as it is required in LSC, will no
longer be necessary. Another advantage is that RBF is to able to handle an inhomogeneous
input data distribution. The very first outcomes are verified by comparing with independent
GPS/leveling observations.
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1 Introduction
The determination of the Earth’s gravity field can take
place on different spatial scales. Dedicated satellite missions
like CHAMP (CHAllenging Minisatellite Payload) (Reigber
et al. 2002), GRACE (Gravity Recovery And Climate Ex-
periment) (Tapley et al. 2002) or GOCE (Gravity field and
steady-state Ocean Circulation Explorer) (Drinkwater et al.
2003) detect the global gravity field with high accuracy. For
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instance, with the GOCE mission it is possible to derive
a global gravity field model parametrized in terms of a
spherical harmonic series expansion up to a degree and
order (D/O) of 250 corresponding to a spatial resolution of
approximately 80 km half wavelength. The accuracy in terms
of geoid height with 100 km spatial resolution is 1–2 cm
(Drinkwater et al. 2008). However, for regional applications
the spatial resolution of a satellite-only gravity field model
is insufficient. Many local and regional applications require
a much higher spatial resolution than a satellite-only model
can provide.
On the other hand, local gravity field models derived
from terrestrial and airborne gravity field data e.g. gravity
anomalies or deflections of the vertical reflect the small scale
features better as the satellite data but lack from long-wave-
length information. Therefore a pure gravimetric geoid solu-
tion is affected by long-wavelength errors (Pail et al. 2009).
U. Marti (ed.), Gravity, Geoid and Height Systems, International Association of Geodesy Symposia 141,
DOI 10.1007/978-3-319-10837-7_19, © Springer International Publishing Switzerland 2014
151
152 C. Pock et al.
So an consistent combination of satellite derived global
gravity field models with complementary local gravity field
data suggests itself. Recently two research projects GEO-
nAUT (Pail et al. 2008) and GEOID C (Kuehtreiber et al.
2011) were carried out at Graz University of Technology. By
combining heterogeneous data the precision of the Austrian
geoid has improved to sub-decimeter level. The computation
was based on the Remove-Compute-Restore technique. In
the remove step a global satellite only model has been used
to represent the long-wavelength components as well as a
topographic reduction has been carried out to remove the
topographic short-wavelength components from the mea-
sured gravity. For geoid computation the LSC approach was
used and furthermore all removed components have been
restored afterwards. Nevertheless, the present Austrian geoid
solution (Pail et al. 2008) shows long wavelength errors
when compared to the GPS/leveling observations which is
supposed to be a problem of the combination of the satellite
derived gravity field models and the terrestrial gravity data.
A common practical approach to handle this problem is
to introduce a non-physical correction surface. The need
of such a correction surface for practical applications was
tried to be avoided by combinations with global satellite-
only models of different D/O. However, these attempts were
not successful and a correction surface is still required. The
main goal of this investigation is to discover a proper way
for the combination of the satellite derived global gravity
field models with the complementary terrestrial data with
the result, that the computed geoid can be directly validated
with GPS/leveling observations and a correction surface is
not needed anymore.
2 Data
2.1 Gravity Dataset
The achieved results are based on a gravity dataset
spanning Central Europe. This database was established by
Norbert Kuehtreiber during the last decades and the gravity
measurements have been provided by several project partners
(e.g. Federal Office of Meteorology and Surveying (BEV),
Institute of Geophysics (Mining University Leoben) or the
Austrian Mineral Oil Administration (OMV). Including
Austrian data and data from neighbouring countries there
are currently almost 123,000 measurements available. For
these first investigations only 28,212 gravity measurements
within Austria have been used to avoid datum problems.
In the future all available data will be incorporated. The
spatial distribution of the data is about 1 to 15 km and quite
inhomogeneous. In mountainous regions measurements are
spare whereas in valleys and flatland a huge amount of
measurements is available. The gravity data consists of
Fig. 1 Sample of 28212 gravity measurements
Fig. 2 Combination of the two DTMs in the Central European region-
coarse (blue), dense (red)
global WGS-84 coordinates and the heights are related to
the official Austrian orthometric height system. In Fig. 1 the
data sample is shown.
2.2 Digital Terrain Model (DTM)
The topographic reduction which is representing the short-
wavelengths components of the gravity field is based on
two DTMs established by the BEV. The resolution for the
coarse DTM is 11:2500  18:7500. For the dense DTM a
uniform resolution of 1:4062500 2:3437500 is provided. Both
DTMs cover the Central European area. Further information
concerning the development of the height models can be
found in Graf (1996) or Ruess (1983). The DTMs have to
be combined in the calculation. Therefore the coarse DTM
covers the whole area. In the area nearby Austria the coarse
grid is refined by a residual dense grid which contains not the
complete topography but only the corrections to the coarse
grid (Fig. 2).
2.3 GPS/Leveling Observations
The GPS/leveling observations have been used to check the
quality of the computed geoid solution. Currently 192 points
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with measured geoid heights are available within Austria.
This set is composed of points from the Austrian Reference
Frame-net (AREF-net) and GPS permanent stations provided
by the BEV. The precision of the observed geoid heights is
assumed to be a few centimeter.
3 Consistent Reduction
3.1 Remove Step
The remove procedure is used to smooth the measured
gravity field quantities to permit the continuation and inter-
polation to the generating geoid. Therefore the measured data
on Earth surface has to be reduced by long- and short wave-
length components. The long wavelength part is known by
means of a given global satellite model which is expressed in
terms of spherical harmonic expansion. The short wavelength
part is a function of the mass and density distribution of the
topography and can be approximated by the DTM. The effect
of the topography is represented by prism integrated in the
spatial domain and contains in principle all frequencies and
also some long-wavelength part which is already considered
in the satellite data. Therefore the effect of the DTM have
to be reduced by this long-wavelength part and is expressed
as a spherical harmonic expansion limited by the maximum
degree of the satellite derived global gravity field model. The
topographic coefficients are obtained by:
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where in Eq. (1) the Cnm and Snm are representing the
spherical harmonics as defined
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The Earth mass is denoted with M . The  stands for the
standard crustal density. For this investigation a crustal den-
sity of  D 2;670 kg=m3 was chosen. More details about the
modeling of the topographic effects in spectral domain can be
found in (Rummel et al. 1988). To sum up, the topographic
reduction by prism is reduced of long wavelength parts
represented by spherical harmonics [Eq. (3)]. The same
reduction has to be done for both used DTMs (see Sect. 2.2).
3.2 Realization of Reduction
The input gravity dataset consists of 28,212 gravity measure-
ments as described in Sect. 2.1. The long-wavelength part is
represented by the latest Gravity Observation Combination
Fig. 3 Free air anomalies gabs- ; rms D 41.56 mgal
(GOCO) model GOCO03s (Mayer-Guerr et al. 2012) up
to the full degree of 250. For short wavelength reduction
the well known prism formula (Wild-Pfeiffer 2007) has
been used. The reduction is done without any isostatic
compensation. We expect the isostatic part as information
which is already included in the global satellite models
characterized by the long-wavelength. The reduced gravity
gred is computed by
gred D gabs    Œgglobal  .gCoarse  gCoarseSHM/
 .gDense  gDenseSHM/: (3)
The parameter gabs represents the measured absolute gravity
on Earth surface. In a first step the normal gravity  which
belongs to the GRS80 (Moritz 1980b) is subtracted from
measured gravity data. For the absolute gravity the orthome-
tric height above the geoid is known and the normal gravity
is computed at height above the ellipsoid. Therefore the
differences are the classical free air anomalies gfa shown
in Fig. 3.
In a next step the long-wavelength reduction gglobal us-
ing the GOCO03s global gravity field model has been carried
out. The spherical harmonic expansion was performed up
to the full degree n D 250. The rms is now increasing to
47.26 mgal and the remaining topographic parts are clearly
show up and can be seen in Fig. 4. This fact is attributable to
the spatial distribution of the measured gravity observations.
They are mostly measured in valleys and not in mountainous
regions and the global model can not resolve the sharp
structure of the valleys.
The remaining notations in Eq. (3) are all related to
the DTM. The gCoarse, gDense parts are representing the
topographic reduction and the gCoarseSHM, gDenseSHM terms
are the corrections obtained from the spherical harmonic
expansion of the DTM. In Fig. 5 the impact of the coarse grid
is taken into account. In this illustration and in Table 1 the
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Fig. 4 Additionally reduced by the global part using the GOCO03s
model; gabs-- gglobal ; rms D 47.26 mgal
Fig. 5 Additionally reduced by the coarse topographic parts; gabs- -
gglobal-(gCoarse-gCoarseSHM); rms D 11.25 mgal
Table 1 Statistics of reduction-adding another reduction step subse-
quently
Min [mgal] Max [mgal] Mean [mgal] rms [mgal]
gfa 123.78 205.42 5.84 41.56
gglobal 186.82 134.16 23.57 47.26
gcoarse 44.64 41.39 1.32 11.25
gdense 48.71 38.11 1.21 11.06
effect of the topographic reduction gCoarse is shown together
with the associated coarse DTM derived gravity correction
gCoarseSHM which is computed with help of Eq. (1). The rms
is now decreasing to 11.25 mgal. In Fig. 6 the impact of
the reduction steps using the dense DTM can be seen. In
fact, it is rather low compared to Fig. 5 because the dense
DTM can be seen as an improvement to the coarse DTM
in the overlapping area (see Sect. 2.2). The rms is slightly
decreasing to 11.06 mgal.
Finally the reduced gravity [see Eq. (3)] is obtained
using a proper combination of global and local data and
is representing the remaining part from measured absolute
Fig. 6 Reduced gravity gred after the final reduction step; rms D
11.06 mgal
gravity on Earth surface within Austria. To give an overview
about the impact of every single reduction step the statistical
results are summarized in Table 1.
4 Computation Step: Radial Basis
Functions (RBF)
For the computation step a least squares approach (Gauss-
Markov model) in association with radial basis functions is
introduced. This procedure enables the possibility to estimate
the residual parts as supplements to the satellite model.
Applying this approach for regional geoid modeling which
is based on (Eicker 2008) the gravity anomalies can be
represented as series expansion of radial basis functions
gred D
NX
iD1
ai.x; xi /; (4)
where ai are the unknown scaling coefficients to determine,
x denotes the evaluation point and the xi stands for the
centers of the basis function. The radial symmetric basis
functions  which are representing the deviations of the
achieved solution compared to a GOCO based solution in
turn can be expressed by a sum of Legendre polynomials
.x; xi / D GM
R
1X
nD2
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mDn

n  1
R

knYnm.x/Ynm.xi /: (5)
The spherical harmonics are denoted as Ynm. The shape of
the function is controlled by the coefficients kn
kn D 	np
2n C 1: (6)
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Fig. 7 Transition between the GOCO formal errors and the full signal
of the high frequencies using Kaula’s rule
For the coefficient up to degree n D 250 the formal errors of
the GOCO03s model have been used. Beyond this degree the
coefficients are padded by Kaula’s rule:
kn D 1
n2
: (7)
This choice of the shape functions consider the fact, that
the satellite model does not affords the full spectral power
in the high degrees but provide a high accuracy in the long
wavelength and increasingly weaker accuracy with increas-
ing degree. Beyond D/O 250 the high frequencies are still
containing the full signal expressed by Kaula’s rule. This
approach is shown in Fig. 7.
For the spatial distribution of the RBF a global triangle
vertex (Schmidt 1981) has been used. The point distribution
of the RBF is essential for the outcomes and was chosen
homogeneously. In case of regional geoid modeling RBF are
situated within Austria and 10 km beyond Austrian borders to
reduce edge effects. To achieve a proper RBF representation
a similar spatial resolution as the input data should be
ensured. This means that the kn for this investigation are
given up to n D 6;000. This degree corresponds to a point
distance of approximately 3 km on Earth surface and results
in 7,091 unknowns.
5 Results: Restore Step
In the restore step the operations of the remove step
described in Sect. 3.2 have to be reversed. An advantage
of the used least squares approach is the overdetermination,
which allows the analysis of the residuals and furthermore
an a-posteriori variance can be estimated. In Fig. 8 the
computed residuals between the reduced input gravity and
Fig. 8 Residuals between reduced input gravity and estimated gravity
based on RBF parametrization; rms D 1.12 mgal
Table 2 Statistics of 28,212 residuals
Min [mgal] Max [mgal] Mean [mgal] rms [mgal]
vgred 5:77 12.14 0:01 1.12
Fig. 9 Residuals between the computed gravimetric geoid and
GPS/leveling observations; rms D 5.8 cm
the estimated gravity based on RBF parametrization can be
seen. Apart from a few outliers the quality of the input data
is quite good. Additionally the point distance of the RBF is
still insufficient and a densification is needed. In Table 2 the
statistics of the residuals is shown. For this first investigation
the outliers have not been eliminated and are still contained
in the computed gravimetric geoid solution.
To check the quality of the pure gravimetric geoid solution
GPS/leveling observation with measured geoid heights have
been used (see Sect. 2.3). The resulting rms is lower than
6 cm. It has to be remarked that the huge residuals are located
near Austrian borders as shown in Fig. 9. This has to be
expected due to edge effects and suggests that additional
gravity data from neighbouring countries have to be taken
into account to sustain the solution in these areas.
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Table 3 Statistics of 192 geoid height residuals-mean value was sub-
tracted beforehand
Min [cm] Max [cm] Mean [cm] rms [cm]
vN 15:11 24.52 0.00 5.80
The statistics of the geoidal height residuals can be seen in
Table 3.
6 Summary and Outlook
The methodological improvements in Remove Compute
Restore procedure result in a consistent combination of
satellite and terrestrial data. Relative to previous Austrian
geoid computation the long-wavelength errors of the
gravimetric geoid are reduced compared to GPS/leveling
observations and a correction surface is not needed
anymore. An additional benefit results from the fact that the
inhomogeneous distribution of the observations is not crucial
compared to LSC and the full information provided by the
GOCO model is incorporated. It has to be pointed out that
the achieved results are at an early stage of computation and
further improvement have to be done. This improvements
are in particular:
– applying atmospheric corrections to measured gravity
field quantities
– use of global DTM model (e.g. DTM 2006)
– use additional gravity data from neighbouring countries
The atmospheric correction of the measured gravity data will
contribute to a slightly improvement of the reduced quanti-
ties. The use of a global DTM in addition to the currently
available data will ensure a global DTM coverage and hence
a global representation of DTM derived spherical harmonics.
Additional data from neighbouring countries will sustain
the solution and help to avoid edge effects. Furthermore
a combined solution with deflections of the vertical 
, is
intended to achieve improvements. The optimum weighting
between the observation groups will be performed by vari-
ance component estimation (Koch and Kusche 2002).
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